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Algebra is a branch of mathematics that deals with symbols and the rules for
manipulating those symbols. It is a foundational element of mathematics,
applicable in various fields like physics, engineering, economics, and more.
In this article, we will explore advanced algebra problems that challenge
students and enthusiasts alike. Each problem will be accompanied by a
detailed solution to enhance understanding. We will cover topics such as
polynomial equations, systems of equations, inequalities, and functions.

Advanced Polynomial Equations

Polynomial equations are equations that involve variables raised to whole
number powers. Here we will discuss two advanced problems involving
polynomials.

Problem 1: Roots of a Polynomial

Consider the polynomial equation:

\[ p(x) = x^4 - 5x^3 + 6x^2 + 4x - 8 = 0 \]

Problem: Find the roots of the polynomial.

Solution:

To find the roots of the polynomial, we can use the Rational Root Theorem,
synthetic division, or numerical methods.

1. Check for possible rational roots by testing the factors of -8 (the
constant term) over the factors of 1 (the leading coefficient). The possible
rational roots are ±1, ±2, ±4, ±8.

2. Testing x = 2:
\[
p(2) = 2^4 - 5(2^3) + 6(2^2) + 4(2) - 8 = 16 - 40 + 24 + 8 - 8 = 0
\]
Thus, \( x = 2 \) is a root.

3. Now perform synthetic division of \( p(x) \) by \( (x - 2) \):
\[
\begin{array}{r|rrrrr}
2 & 1 & -5 & 6 & 4 & -8 \\
& & 2 & -6 & 0 & 8 \\
\hline
& 1 & -3 & 0 & 4 & 0 \\
\end{array}
\]
This gives us \( x^3 - 3x^2 + 4 = 0 \).



4. Now we need to find the roots of \( x^3 - 3x^2 + 4 \):

We can use the Rational Root Theorem again. Testing \( x = 1 \):
\[
1^3 - 3(1^2) + 4 = 1 - 3 + 4 = 2 \quad (\text{not a root})
\]
Testing \( x = -1 \):
\[
(-1)^3 - 3(-1)^2 + 4 = -1 - 3 + 4 = 0 \quad (\text{is a root})
\]

5. Perform synthetic division again:
\[
\begin{array}{r|rrr}
-1 & 1 & -3 & 4 \\
& & -1 & 4 \\
\hline
& 1 & -4 & 0 \\
\end{array}
\]
This gives us \( x^2 - 4 = 0 \), which factors to:
\[
(x - 2)(x + 2) = 0
\]

Thus, the roots of the original polynomial are:
\[
x = 2, x = -1, x = 2, x = -2
\]

Problem 2: Polynomial Remainder Theorem

Problem: Using the Polynomial Remainder Theorem, find the remainder when \(
p(x) = 3x^3 - 2x^2 + 5x - 7 \) is divided by \( x - 4 \).

Solution:

According to the Polynomial Remainder Theorem, the remainder of the division
of a polynomial \( p(x) \) by \( x - c \) is \( p(c) \).

1. Calculate \( p(4) \):
\[
p(4) = 3(4^3) - 2(4^2) + 5(4) - 7
\]
\[
= 3(64) - 2(16) + 20 - 7
\]
\[
= 192 - 32 + 20 - 7 = 173
\]

Therefore, the remainder when \( p(x) \) is divided by \( x - 4 \) is 173.



Systems of Equations

Systems of equations can be solved using various methods such as
substitution, elimination, or matrix approaches. Here we will go through a
couple of advanced problems involving systems.

Problem 3: Solving a Nonlinear System

Problem: Solve the following system of equations:

\[
\begin{align}
x^2 + y^2 &= 25 \quad \text{(1)} \\
y &= 3x - 4 \quad \text{(2)}
\end{align}
\]

Solution:

1. Substitute equation (2) into equation (1):
\[
x^2 + (3x - 4)^2 = 25
\]
\[
x^2 + (9x^2 - 24x + 16) = 25
\]
\[
10x^2 - 24x + 16 = 25
\]
\[
10x^2 - 24x - 9 = 0
\]

2. Using the quadratic formula, where \( a = 10, b = -24, c = -9 \):
\[
x = \frac{-b \pm \sqrt{b^2 - 4ac}}{2a}
\]
\[
x = \frac{24 \pm \sqrt{(-24)^2 - 4(10)(-9)}}{2(10)} = \frac{24 \pm \sqrt{576
+ 360}}{20}
\]
\[
= \frac{24 \pm \sqrt{936}}{20} = \frac{24 \pm 6\sqrt{26}}{20} = \frac{12 \pm
3\sqrt{26}}{10}
\]

3. Finding \( y \) using equation (2):
\[
y = 3x - 4
\]

By substituting the values of \( x \), we can calculate the corresponding
values of \( y \).



Problem 4: Linear Combination of Equations

Problem: Solve the following system of equations using the elimination
method:

\[
\begin{align}
2x + 3y &= 8 \quad \text{(1)} \\
4x - y &= 2 \quad \text{(2)}
\end{align}
\]

Solution:

1. Multiply equation (1) by 2 to align coefficients:
\[
4x + 6y = 16 \quad \text{(3)}
\]

2. Now subtract equation (2) from equation (3):
\[
(4x + 6y) - (4x - y) = 16 - 2
\]
\[
7y = 14 \Rightarrow y = 2
\]

3. Substitute \( y = 2 \) back into equation (1):
\[
2x + 3(2) = 8 \Rightarrow 2x + 6 = 8 \Rightarrow 2x = 2 \Rightarrow x = 1
\]

Thus, the solution to the system is \( x = 1 \) and \( y = 2 \).

Inequalities and Functions

Understanding inequalities and functions is essential in advanced algebra.
Below we will work through a couple of advanced problems involving these
concepts.

Problem 5: Solving Inequalities

Problem: Solve the inequality:

\[
3x - 5 < 2x + 1
\]

Solution:

1. Isolate the variable \( x \):
\[
3x - 2x < 1 + 5
\]



\[
x < 6
\]

Thus, the solution to the inequality is \( x < 6 \).

Problem 6: Analyzing a Function

Problem: For the function \( f(x) = x^3 - 3x^2 + 2x \), find the critical
points and determine the local maxima and minima.

Solution:

1. Find the derivative \( f'(x) \):
\[
f'(x) = 3x^2 - 6x + 2
\]

2. Set the derivative to zero to find critical points:

Frequently Asked Questions

What is the solution to the equation 3x^2 - 12x + 9 =
0?

The equation can be simplified to x^2 - 4x + 3 = 0, which factors to (x -
3)(x - 1) = 0. Thus, the solutions are x = 3 and x = 1.

How do you solve the system of equations 2x + 3y = 6
and x - y = 1?

From the second equation, x = y + 1. Substituting into the first equation
gives 2(y + 1) + 3y = 6, which simplifies to 5y + 2 = 6. Thus, y = 0.8 and x
= 1.8.

What is the value of x in the exponential equation
2^(x+1) = 32?

Since 32 is 2^5, we can set x + 1 = 5. Thus, x = 4.

How do you factor the polynomial x^3 - 6x^2 + 11x -
6?

The polynomial can be factored as (x - 1)(x - 2)(x - 3) by using synthetic
division or trial and error to find the roots.

What is the vertex of the parabola represented by the
equation y = 2x^2 - 8x + 5?

The vertex can be found using the formula x = -b/(2a). Here, a = 2 and b =



-8, so x = 2. Plugging x back into the equation gives y = 2(2^2) - 8(2) + 5 =
-3. Thus, the vertex is (2, -3).

How do you solve the logarithmic equation log(x) +
log(x - 3) = 1?

Using the property of logarithms, log(x(x - 3)) = 1. This implies x(x - 3) =
10. Solving the quadratic equation x^2 - 3x - 10 = 0, we find x = 5 and x =
-2. Since log must be positive, the solution is x = 5.
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