
calculus of variations examples
Calculus of variations examples are essential in understanding how to
optimize functionals, which are mappings from a set of functions to the real
numbers. This branch of mathematics finds applications in physics,
engineering, economics, and many other fields. The calculus of variations
involves finding the function or functions that minimize or maximize a given
functional. This article will explore some fundamental examples of the
calculus of variations, elucidating key concepts, methods, and applications.

Understanding the Basics of Calculus of
Variations

Before delving into specific examples, it is crucial to understand what the
calculus of variations entails. At its core, the calculus of variations seeks
to determine the shape of a function that will yield the optimal value of a
functional. A functional can be expressed in the form:

\[ J[y] = \int_{a}^{b} F(x, y, y') \,dx \]

where \( J[y] \) is the functional, \( F \) is a function of the independent
variable \( x \), the dependent variable \( y \), and the derivative \( y' \)
(the first derivative of \( y \) with respect to \( x \)). The goal is to
find the function \( y(x) \) that minimizes or maximizes \( J[y] \).

The necessary condition for \( y(x) \) to be an extremum of the functional \(
J[y] \) is given by the Euler-Lagrange equation:

\[ \frac{\partial F}{\partial y} - \frac{d}{dx}\left(\frac{\partial
F}{\partial y'}\right) = 0 \]

This equation provides a systematic way to derive the optimal function \(
y(x) \).

Key Examples of Calculus of Variations

1. The Brachistochrone Problem

One of the most famous problems in the calculus of variations is the
Brachistochrone problem. The challenge is to determine the shape of a curve
along which a particle will descend from one point to another in the shortest
time, under the influence of gravity.



- Setup: Consider two points \( A \) and \( B \) in a vertical plane, where
\( A \) is at a higher elevation than \( B \). The particle moves only under
the influence of gravity.
- Functional: The time taken for the particle to travel from \( A \) to \( B
\) can be expressed as a functional:

\[ J[y] = \int_{A}^{B} \frac{ds}{v} = \int_{A}^{B} \frac{\sqrt{1 +
(y')^2}}{\sqrt{2gy}} \,dx \]

where \( ds \) is the differential arc length and \( v \) is the velocity of
the particle.

To find the curve that minimizes this time, we apply the Euler-Lagrange
equation. After some calculations, we discover that the optimal curve is a
cycloid, which is the path traced by a point on the circumference of a
rolling circle.

2. The Catenary Problem

The catenary problem involves finding the shape of a hanging chain or cable
when subjected to uniform gravitational force.

- Setup: A cable suspended between two points experiences tension due to its
weight. The goal is to determine the curve that represents the shape of the
cable.
- Functional: The length of the cable can be expressed as:

\[ J[y] = \int_{a}^{b} \sqrt{1 + (y')^2} \,dx \]

In this case, the Euler-Lagrange equation can be applied to find the
equilibrium shape of the hanging cable. The solution reveals that the shape
is a catenary, described by the equation:

\[ y = a \cosh\left(\frac{x}{a}\right) \]

where \( a \) is a constant that depends on the specific conditions of the
cable.

3. The Minimum Surface Area Problem

Another significant example in the calculus of variations is the problem of
finding the surface that minimizes area while enclosing a given volume. This
has applications in physics and engineering, particularly in soap bubbles.

- Setup: Given a fixed volume \( V \), we want to minimize the surface area
\( S \) of a surface.
- Functional: The surface area can be expressed as a functional:



\[ J[y] = \int_{A} dS \]

To solve this using calculus of variations, we can utilize the method of
Lagrange multipliers to include the volume constraint. This leads to applying
the Euler-Lagrange equation in a more complex form, ultimately yielding the
solution in the form of a sphere for three-dimensional cases.

Applications of the Calculus of Variations

The calculus of variations is not merely a theoretical concept; it has
practical applications across various fields.

1. Physics

In physics, the calculus of variations is fundamental in formulating problems
in mechanics. For instance, the principle of least action states that the
path taken by a particle is the one that minimizes the action functional, a
principle that underlies classical mechanics.

2. Engineering

In engineering, the optimization of structures is a frequent application of
the calculus of variations. Engineers use this mathematical framework to
design components that withstand forces while minimizing material usage.

3. Economics

In economics, the calculus of variations can help in optimizing functions
related to cost, revenue, and profit over time. Economists can model various
scenarios to determine optimal strategies for resource allocation.

4. Image Processing

In image processing, the calculus of variations is utilized in techniques
such as image denoising and segmentation. By formulating these problems as
minimization problems for energy functionals, it is possible to achieve
smoother images while preserving important features.



Conclusion

The calculus of variations is a powerful mathematical tool with a wide array
of applications. Through examples like the Brachistochrone problem, the
catenary problem, and the minimum surface area problem, we see how this
mathematical approach can solve complex real-world issues. As we continue to
explore and expand upon these concepts, the calculus of variations will
remain an essential area of study in mathematics, physics, engineering, and
beyond. Its principles not only deepen our understanding of optimization but
also enhance our ability to tackle practical challenges across various
disciplines.

Frequently Asked Questions

What is the calculus of variations?
The calculus of variations is a field of mathematical analysis that deals
with optimizing functionals, which are mappings from a set of functions to
real numbers.

Can you give an example of a problem in calculus of
variations?
One classical example is the 'Brachistochrone Problem', which involves
finding the curve of fastest descent between two points under the influence
of gravity.

What are some applications of calculus of
variations?
Applications include physics (e.g., finding the path of least action),
economics (e.g., optimizing cost functions), and engineering (e.g., designing
optimal shapes of structures).

How does the Euler-Lagrange equation relate to
calculus of variations?
The Euler-Lagrange equation is a fundamental equation in calculus of
variations that provides a necessary condition for a function to be an
extremum of a functional.

What is the significance of boundary conditions in
calculus of variations?
Boundary conditions are essential as they specify the values that the



function must take at the endpoints, which can affect the nature of the
solutions to the variational problem.

What is the minimum surface area problem in calculus
of variations?
The minimum surface area problem involves finding the shape of a surface that
minimizes area while enclosing a certain volume, leading to the study of
minimal surfaces.

What role do functionals play in calculus of
variations?
Functionals are the objects being optimized in calculus of variations; they
are typically expressed as integrals of a function and its derivatives.

Can calculus of variations be applied to multiple
integrals?
Yes, calculus of variations can be extended to handle multiple integrals,
leading to more complex problems such as those involving functions of several
variables.

What are some common methods to solve variational
problems?
Common methods include direct methods, the use of the Euler-Lagrange
equation, and numerical approaches such as finite element methods.
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