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Introduction to the Cohomology of Lie Algebras

Cohomology of Lie algebras is a profound area of study in mathematics, particularly within the realm of
algebraic topology and representation theory. It provides essential tools for understanding the structure of
Lie algebras, their representations, and their applications in various fields such as physics, geometry, and
number theory. This article aims to outline the basic concepts, important results, and applications of Lie
algebra cohomology, along with some of the central techniques used in the study of this topic.

Basic Concepts of Lie Algebras

Before delving into cohomology, it is essential to establish a foundational understanding of Lie algebras.

Definition of Lie Algebras

A Lie algebra \( \mathfrak{g} \) over a field \( K \) is a vector space equipped with a bilinear operation
called the Lie bracket, denoted \( [\cdot, \cdot] \), that satisfies two fundamental properties:

1. Antisymmetry:
\[
[x, y] = -[y, x] \quad \text{for all } x, y \in \mathfrak{g}
\]

2. Jacobi Identity:
\[
[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 \quad \text{for all } x, y, z \in \mathfrak{g}
\]

Examples of Lie Algebras

- Abelian Lie Algebras: These consist of all elements commuting with each other, i.e., \( [x, y] = 0 \) for all
\( x, y \).
- Matrix Lie Algebras: The set of all \( n \times n \) matrices under the Lie bracket defined as the
commutator \( [A, B] = AB - BA \).



- Lie Algebras of Vector Fields: The Lie algebra of vector fields on a manifold, which can be related to
derivations on the algebra of smooth functions.

Cohomology of Lie Algebras

Cohomology provides a way of measuring the "global" properties of a Lie algebra by studying its structures
through algebraic invariants.

Cohomology Groups

The cohomology of a Lie algebra \( \mathfrak{g} \) can be defined using the notion of a cochain complex. A
cochain is typically a function that assigns a scalar to each \( k \)-tuple of elements in the Lie algebra.

1. Cochains: A \( k \)-cochain is a map \( f: \mathfrak{g}^k \to K \), where \( \mathfrak{g}^k \) is the \( k
\)-fold Cartesian product of \( \mathfrak{g} \) and \( K \) is a field.

2. Coboundary Operator: The coboundary operator \( \delta: C^k(\mathfrak{g}) \to C^{k+1}(\mathfrak{g}) \)
is defined using the Lie bracket. It generalizes the concept of differentiation to cochains. The cochain
complex is given by:
\[
0 \to C^0(\mathfrak{g}) \xrightarrow{\delta} C^1(\mathfrak{g}) \xrightarrow{\delta} C^2(\mathfrak{g})
\xrightarrow{\delta} \cdots
\]

3. Cohomology Groups: The \( k \)-th cohomology group \( H^k(\mathfrak{g}) \) is defined as the quotient:
\[
H^k(\mathfrak{g}) = \frac{\ker(\delta: C^k(\mathfrak{g}) \to C^{k+1}(\mathfrak{g}))}{\mathrm{im}(\delta:
C^{k-1}(\mathfrak{g}) \to C^k(\mathfrak{g}))}
\]

Properties of Cohomology Groups

Cohomology groups exhibit several important properties:

- Additivity: For two Lie algebras \( \mathfrak{g} \) and \( \mathfrak{h} \), the cohomology of their direct
sum \( \mathfrak{g} \oplus \mathfrak{h} \) is given by the direct sum of their cohomology groups:
\[
H^k(\mathfrak{g} \oplus \mathfrak{h}) \cong H^k(\mathfrak{g}) \oplus H^k(\mathfrak{h})



\]

- Universal Coefficient Theorem: Relates the cohomology of a Lie algebra with its homology, allowing the
computation of one from the other.

Applications of Lie Algebra Cohomology

The cohomology of Lie algebras has significant applications in various fields:

Representation Theory

Cohomological techniques are instrumental in classifying representations of Lie algebras. The cohomology
groups can provide insight into the extensions of representations and the classification of irreducible
modules.

Topology and Geometry

In differential geometry, the cohomology of Lie algebras plays a role in the study of characteristic classes,
deformation theory, and the study of foliations. It helps to understand how geometric structures can be
deformed or classified.

Mathematical Physics

In theoretical physics, particularly in quantum field theory and string theory, the cohomology of Lie
algebras is applied in the formulation of gauge theories and the study of symmetries. The structure of Lie
algebras underlies many physical theories, where their representations correspond to particle states.

Computational Techniques

To compute the cohomology groups of a Lie algebra, several techniques can be employed:



Lie Algebra Cohomology via Projective Resolutions

One common method involves constructing projective resolutions of the Lie algebra. This approach allows
for the computation of cohomology via homological algebra techniques.

Use of Spectral Sequences

Spectral sequences can be employed to compute the cohomology of filtered Lie algebras. They provide a
systematic way to reduce complex calculations into manageable steps.

Computational Software

In practice, various computer algebra systems, such as GAP and LiE, can be utilized to compute
cohomology groups of Lie algebras, making this advanced topic more accessible to researchers.

Conclusion

The cohomology of Lie algebras is an expansive area of study that intersects various domains of
mathematics and theoretical physics. Through its intricate structure and computational techniques, it
provides profound insights into the nature of Lie algebras and their representations. The relationships it
establishes with other mathematical concepts and physical theories underscore its importance in modern
research. Understanding the cohomology of Lie algebras not only enriches our mathematical knowledge
but also deepens our comprehension of the underlying symmetries of the universe.

Frequently Asked Questions

What is the significance of cohomology in the study of Lie algebras?
Cohomology of Lie algebras provides important invariants that reveal the structure of the algebra, such as
extensions, deformations, and representations. It helps classify extensions of Lie algebras and understand
their geometric and topological properties.

How does the Chevalley-Eilenberg cohomology relate to Lie algebras?
Chevalley-Eilenberg cohomology is a specific type of cohomology theory for Lie algebras that generalizes



the notion of singular cohomology from topology. It is used to study representations and module structures
over Lie algebras, connecting algebraic and geometric aspects.

What are some applications of cohomology of Lie algebras in theoretical
physics?
In theoretical physics, the cohomology of Lie algebras is used in the study of gauge theories, string theory,
and quantum field theories. It helps in understanding symmetries, conserved quantities, and the algebraic
structures that underlie physical models.

Can the cohomology of Lie algebras be computed explicitly, and if so,
how?
Yes, the cohomology of Lie algebras can be computed using various methods, such as the use of resolutions,
spectral sequences, and derived functor techniques. The computation often involves constructing projective
or injective resolutions of the underlying modules.

What are some recent developments in the cohomology of Lie algebras?
Recent developments include advancements in understanding the cohomology of infinite-dimensional Lie
algebras, applications to categorification, and connections to representation theory and symplectic geometry.
Researchers are also exploring connections between the cohomology of Lie algebras and algebraic topology.

How does the cohomology of a Lie algebra differ from that of a topological
space?
While both types of cohomology serve to classify and study structure, the cohomology of a Lie algebra
focuses on algebraic properties and extensions, whereas the cohomology of a topological space deals with
geometric features. They can be related through the study of algebraic topology, but their methods and
interpretations differ.
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