
controlled markov processes and viscosity solutions

Controlled Markov Processes and Viscosity Solutions are fundamental concepts in the field of stochastic
control theory and partial differential equations (PDEs). These two areas intersect in various applications,
including finance, optimal control, and dynamic programming. Understanding the dynamics of controlled Markov
processes, as well as the mathematical tools for analyzing them, such as viscosity solutions, is crucial for
both theoretical insights and practical applications.

Controlled Markov Processes

Controlled Markov processes are a specific type of stochastic process that incorporates decisions made by a
controller or decision-maker at each time step. The state of the system is described by a Markov process, which
means that the future behavior of the process depends only on its current state and not on its past states.
The controller influences this process through a set of available actions or controls.

Definition and Properties

A controlled Markov process can be formally defined as follows:

- State Space: Let \( S \) be a state space, which can be either discrete or continuous.
- Control Space: Let \( U \) be a control space, which represents the possible actions that can be taken by the
controller.
- Transition Probability: Given a state \( x \in S \) and a control \( u \in U \), the transition probabilities
describe how the system moves to the next state. This is denoted as \( P(dx' | x, u) \), where \( x' \) is the next
state.
- Reward Function: A reward function \( R: S \times U \to \mathbb{R} \) assigns a value to each state-
control pair, representing the immediate reward received after taking action \( u \) in state \( x \).

The evolution of the process is defined by the Markov property, which states that the future state depends
only on the current state and the control chosen, not on the sequence of events that preceded it.

Optimal Control Problem

The primary goal in studying controlled Markov processes is to solve an optimal control problem, which can
be outlined as follows:

1. Objective: Maximize the expected total discounted reward over an infinite horizon, given by:
\[
J(x, u) = \mathbb{E} \left[ \sum_{t=0}^\infty e^{-\beta t} R(X_t, U_t) \mid X_0 = x, U_t = u_t \right]
\]
where \( \beta > 0 \) is the discount factor, \( X_t \) is the state at time \( t \), and \( U_t \) is the control
at time \( t \).

2. Bellman Equation: The optimal control policy can often be characterized using the Bellman equation:
\[
V(x) = \max_{u \in U} \left( R(x, u) + \mathbb{E}[V(X_{t+1}) | X_t = x, U_t = u] \right)
\]
where \( V(x) \) is the value function representing the maximum expected reward starting from state \( x \).

3. Dynamic Programming Principle: The Bellman equation embodies the principle of optimality, stating that an
optimal policy has the property that whatever the initial state and decision are, the remaining decisions must be



optimal with respect to the state resulting from the first decision.

Viscosity Solutions

Viscosity solutions are a type of weak solution to certain classes of non-linear partial differential
equations, particularly those arising in the study of controlled Markov processes. They provide a framework
for analyzing the value function of the optimal control problem.

Definition and Characteristics

Viscosity solutions are defined in the context of Hamilton-Jacobi-Bellman (HJB) equations, which are PDEs
that characterize the value function of the control problem. The key features of viscosity solutions include:

- Weak Solution: Unlike classical solutions, viscosity solutions do not require the function to be
differentiable. Instead, they are defined using test functions that touch the solution from above or below.

- Uniqueness and Existence: Under certain conditions, viscosity solutions exist and are unique. These conditions
often involve monotonicity and boundedness of the coefficients in the HJB equation.

- Comparison Principle: If two viscosity solutions exist, then they can be compared. If one solution is less than
or equal to another at some point, it will be less than or equal to the other throughout the domain.

Hamilton-Jacobi-Bellman Equation

The HJB equation associated with a controlled Markov process is given by:
\[
-\frac{\partial V}{\partial t} + \inf_{u \in U} \left( R(x, u) + \mathcal{L}V(x, u) \right) = 0
\]
where \( \mathcal{L} \) is the infinitesimal generator of the Markov process, capturing the dynamics of the
state transitions.

The viscosity solution of this equation provides the value function \( V \), which is crucial for determining
the optimal policy.

Applications

The interplay between controlled Markov processes and viscosity solutions has significant applications
across multiple fields:

Finance

In finance, these concepts are used to model optimal investment strategies under uncertainty. The value
function can represent the maximum expected return, while the control variables may represent portfolio
allocations. The HJB equation helps derive optimal trading strategies in various financial markets.



Engineering and Operations Research

Controlled Markov processes are employed in inventory management, queuing systems, and resource allocation
problems. Here, the objective is to minimize costs while maximizing service levels. Viscosity solutions provide the
necessary mathematical tools to analyze these systems efficiently.

Economics

In economics, controlled Markov processes can model decision-making over time under uncertainty, such as
consumer behavior or firm investment strategies. Viscosity solutions assist in characterizing the optimal
policies that maximize utility or profit.

Conclusion

Controlled Markov processes and viscosity solutions form a rich theoretical framework that bridges
stochastic processes, optimal control, and PDEs. Their applications span various fields, demonstrating their
versatility and significance in addressing real-world problems involving uncertainty and decision-making. As
research in these areas continues to evolve, new methods and insights will likely emerge, further enhancing our
understanding and ability to apply these powerful mathematical concepts.

Frequently Asked Questions

What are controlled Markov processes and how do they differ from
standard Markov processes?

Controlled Markov processes are a class of stochastic processes where the evolution of the system is
influenced by control actions taken at each decision epoch. Unlike standard Markov processes, which evolve
solely based on their current state, controlled Markov processes incorporate control strategies that can
affect transition probabilities and rewards, making them suitable for decision-making problems in uncertain
environments.

What is the significance of viscosity solutions in the context of controlled
Markov processes?

Viscosity solutions provide a framework for solving Hamilton-Jacobi-Bellman (HJB) equations that arise in
optimal control problems associated with controlled Markov processes. These solutions help characterize the
value function of optimal control problems, especially when dealing with irregularities and discontinuities,
allowing for a robust analysis of optimal strategies even in complex scenarios.

How can viscosity solutions be applied to find optimal policies in
controlled Markov processes?

To find optimal policies in controlled Markov processes, one typically formulates an HJB equation that
describes the value function of the control problem. By establishing viscosity solutions to this equation,
researchers can determine the optimal control strategy that minimizes costs or maximizes rewards, ensuring
that the solution is well-defined and applicable even when traditional methods may fail.



What are some challenges in applying viscosity solutions to controlled
Markov processes?

Challenges include ensuring the existence and uniqueness of viscosity solutions, handling non-linearities in the
HJB equations, and dealing with high-dimensional state and action spaces. Additionally, numerical methods for
approximating viscosity solutions can be computationally intensive, making it difficult to implement these
techniques in practical scenarios.

What role do controlled Markov processes and viscosity solutions play in
reinforcement learning?

In reinforcement learning, controlled Markov processes model the environment where an agent makes decisions,
while viscosity solutions relate to finding optimal value functions. The interplay between these concepts
allows for the formulation of algorithms that can learn optimal policies through exploration and
exploitation, leveraging the mathematical properties of viscosity solutions to guarantee convergence and
performance in complex decision-making tasks.
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